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ABSTRACT
We find the effective action for any D-brane in a general bosonic background of supergravity. The
results are explicit in component fields up to second order in the fermions and are obtained in a
covariant manner. No interaction terms between fermions and the field f = b+F , characteristic
of the bosonic actions, are considered. These are reserved for future work. In order to obtain
the actions, we reduce directly from the M2-brane world-volume action to the D2-brane world-
volume action. Then, by means of T-duality, we obtain the other Dp-brane actions. The
resulting Dp-brane actions can be written in a single compact and elegant expression.
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1
1 Introduction
In order to perform typical field theory calculations in the world-volume of the D-brane, one
would like to a find convenient form of the D-brane action in general bosonic supergravity
backgrounds. We present such a form in this work, neglecting interactions between fermions
and the characteristic field combination f = b + F . Up to such terms, these actions are by
construction k-symmetric, supersymmetric1 and in addition they obey the various dualities of
M-theory. For example the D3-brane action is self-dual. Because we allow for general curved
bosonic backgrounds and the RR and NS fields act as coupling constants for the world-volume
theory, the theory defined on the brane is a field theory in curved space-time with local coupling
constants.
The expansion of the supersymmetric D-brane action in component fields is a non-trivial
task, particularly if one uses the so called “gauge completion” technique (see [2, 3] for some
references where this method has been used). This method is based on a laborious comparison
order-by-order between component supersymmetric transformations and superspace coordinate
transformations. The numerous non-covariant gauge completions and the lack of an iterative
method make the treatment very difficult and tedious, even at linear order. In fact, no complete
expansion in general supergravity backgrounds has been obtained2 using this technique for any
of the branes (including the M2-brane). The complications only increase at higher orders.
On the other hand one may use the so called “normal coordinate expansion” [5]. This
technique allows one to expand the superfield action to any order in the 32 fermions such that
each term in the expansion is covariant. This technique has been used for the expansion of
the heterotic superstring action and for the derivation of the superspace density formula. More
recently, it has been used for the expansion of the M2-brane up to quartic order [6] and for the
type IIa/b fundamental strings up to quadratic order [7].
We are interested in the world-volume theory for various branes of M-theory. We will begin
with the 11D supermembrane, for which the supersymmetric action has been expanded by
Grisaru and Knutt in fermionic coordinates up to quartic order in general backgrounds of 11D
supergravity. We then dimensionally reduce the space-time to obtain the D2-brane action in
the 10D type IIA theory. In doing so, a world-volume duality is needed to recover the usual
Yang Mills degrees of freedom in the D2-brane. Then, by means of T-duality, we obtain all the
abelian D-brane actions.
Section 2 is a short review of the expansion of the supersymmetric M2-brane and a brief
1In order to obtain a world-volume field theory with rigid supersymmetry one must fix both k-symmetry and
static gauge for the coordinates. The supersymmetry transformations are those operations that compensate for
k-symmetry, gauge transformations and world-volume reparametrizations in order to preserve the chosen gauge
conditions. The corresponding discussion will appear in a separate work [1].
2There is an expansion up to second order [2], but that work does not obtain the complete set of second order
terms. There are also closed results for a few bosonic backgrounds like AdS5 × S
5, AdS3 × S
7, AdS7 × S
3 and
certain plane waves [4].
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introduction to normal expansion techniques. Section 3 deals with the reduction of the second
order expanded M2-brane action to obtain the corresponding D2-brane action. Section 4 is a
comprehensive instruction manual for performing T-duality on such actions. Section 5 gives
the final form of the Dp-brane actions up to second order in the fermion expansion. Appendix
A fixes our conventions for spinors and the gamma matrix algebra, appendix B gives the 11D
supergravity constraints, the zero order component fields and the 10D supergravity conventions
while appendix C gives some useful formulas for T-duality.
2 Normal coordinate expansion for the M2-brane
In a superspace formalism, the supercoordinates zM decompose into bosonic coordinates xm
and fermionic coordinates θµ. Here we also introduce a similar decomposition for tangent space
vectors yA, with A = (a, α):
zM = (xm, θµ),
yA = (ya, yα). (1)
The normal coordinate expansion is a method based on the definition of normal coordinates in
a neighborhood of a given point zM of superspace. The idea is to parameterize the neighboring
points by the tangent vectors along the geodesics joining these points to the origin. Denoting
the coordinates at neighboring points by ZM and the tangent vectors by yA, we have
ZM = zM +ΣM (y) , (2)
where the explicit form of ΣM (y) is found iteratively by solving the geodesic equation. Tensors
at the point ZM may be compared with those at zM by parallel transport. In this sense, the
change in a general tensor under an infinitesimal displacement yA is
δT = yA∇AT . (3)
Finite transport is obtained by iteration. In this way we may consider the corresponding ex-
pansion in the operator δ for any tensor in superspace. For example, consider the vielbein
EAM
E AM (Z) = E
A
M (z) + δE
A
M (z) +
1
2
δ2E AM (z) + . . . (4)
In particular one finds the following fundamental relations by means of which one can expand
any tensor iteratively to any order (see for example [6]),
δy = 0 ,
δEA = ∇yA + yCEBT ABC ,
δ∇yA = −yBECyDR ADCB , (5)
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where T is the torsion and R the Riemann tensor.
In our case, we are interested in an expansion up to second order around a bosonic background
of 11D supergravity. We therefore set zM = (xm, 0) and yA = (0, yα). By means of the 11D
superconstraints (see appendix B), one finds the following formulas:
δEa = 0,
δEα = Dyα + yβebT αbβ ,
δ2Ea = −i(yαΓaαβDyβ + yαyβT γβ Γaγα) ,
δ2Eα = 0 . (6)
At this point, in order to obtain the expanded M2-brane action in component fields, we simply
take the M2-brane supersymmetric action, perform substitutions using equations (3,6) discard
terms above second order in Fermions.
The supermembrane action is,
S = −TM2
∫
d3ξ
√
det(−G)− TM2
6
∫
d3ξεijkAkji, (7)
where i = (0, 1, 2), TM2 = (4π
2l3p)
−1, lp is the 11D Plank length, (G,A) are the pull-back to the
supermembrane of the metric and 3-form super-fields of N=1 11D supergravity.
The normal coordinate expansion to second order in fermions yields
S = S(0) + S(2),
S(0) = −TM2
∫
d3ξ
√
− det(G) − TM2
6
∫
d3ξεijkAkji,
S(2) =
iTM2
2
∫
d3ξ
{√
− det(G)
[
y¯Γi∇iy + y¯TiΓiy
]
+
− 12εijk [y¯Γij∇ky + y¯TiΓjky]
}
, (8)
where (G,A) are the bosonic pull-back of (G,A), y is a real Majorana 32 component spinor,
Γi are pull-backs of real gamma matrices, ∇i is the pull-back of the usual spinor covariant
derivative, and
Ta =
1
288
(Γ bcdea + 8δ
b
aΓ
cde)Hbcde , (9)
with H = dA. The above action is a truncation of the 4th order expansion found in [6].
The fermionic part of action S(2) can be rewritten in the more compact and suggestive form,
S(2) = TM2
∫
d3ξ
√−G
(
iy¯P−ΓiDˆiy
)
, (10)
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where
P− =
1
2
(1− 1
3!
√−Gǫ
ijkΓijk),
Dˆi = ∇i − 1
288
(Γ bcdei − 8δbiΓcde)Hbcde. (11)
We would like to remark that this action is by construction supersymmetric and k-symmetric
up to second order3.
3 M2 reduction to D2
In this section we take the world-volume action of the supermembrane given in equations (8,10)
and perform a dimensional reduction to obtain the superspace action for the type IIA D2-brane
in 10D up to second order in y. We use hatted symbols for 11D indices and un-hatted symbols
for 10D indices. As in the previous section we take a, b, c . . . = (0, 1, . . . , 9) as tangent space
indices and m,n, o . . . = (0, 1, . . . , 9) as space-time indices. We also underline number indices
corresponding to tangent space directions (i.e. Γ0), leaving space-time indices unadorned.
Thus the bosonic space-time coordinates xmˆ split into (xm, x10), where all the background
fields are taken to be independent of x10. As usual, one chooses a local frame for the reduction
in which one has the vielbein
E aˆmˆ =
(
e−φ/3e am −e2φ/3Cm
0 e2φ/3
)
. (12)
Here e am is the 10D vielbein in the string frame, C
(1) = dxmCm is the RR 1-form potential
and φ is the dilaton. The 3-form potential of 11D supergravity A = 13!dx
mˆ ∧ dxnˆ ∧ dxpˆApˆnˆmˆ
decomposes into the RR 3-form potential C(3) = 13!dx
m ∧ dxn ∧ dxpCpnm and the NS two-form
b(2) = 12!dx
m ∧ dxnbnm in the usual form4,
Amnp = −Cmnp , A10 mn = bmn . (13)
In order that the supercoordinate transformations of 10D superspace maintain the canonical
form, we also use the customary rescaling of fermions
y −→ e− 16φy (14)
in the reduction from 11D to 10D. Since we work with pull-backs to the membrane of the above
fields, we define
pi = ∂ix
10 − ∂ixmCm . (15)
3Detailed discussions on supersymmetry and k-symmetry will appear in [1]
4We use the superspace convention for differential forms i.e. w(p) = 1
p!
dx
m1 ∧ · · · ∧ dx
mpwmp···m1 .
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Hence, the pull-back of the bosonic 11D metric G is written as,
Gij = e
−2φ/3gij + e4φ/3pipj , (16)
where g is the 10D metric.
Let us now recall that the procedure to obtain the D2-brane action with its characteristic
Yang-Mills field F = dA, is to add a term 12ǫ
ijk(pi+Ci)Fjk, in which Fjk appears as a Lagrange
multiplier, to the reduced M2-brane action. One then takes pi as an independent variable, solves
for it using its equation of motion, and inserts the result back in the action. The reduction of
the bosonic action S(0) is known in the literature; here we just quote the result from [8]:
S
(0)
D2 = −TD2
∫
d3ξe−φ
√
− det(g + f) + TD2
∫ (
C(3) − C(1) ∧ f
)
, (17)
where TD2 = (4π
2l3sgs)
−1 is the D2-brane tension, ls is the string length, gs is the string coupling,
(C(1), C(3)) are the pull-backs of the RR potentials in type IIA supergravity, f = F + b, F is
the Yang-Mills world-volume field strength, and b is the pull-back of the NS-NS antisymmetric
field.
We now turn to the reduction of our action (8). The resulting expresion contains interaction
terms between the world-volume vector pi and the fermions. These terms come from fluctuations
of the membrane along the 11th dimension and along the fermionic directions y. However, the
solution obtained above for pi is of the form pi ∝ ǫijkf jk+O(y2). Thus, since we wish to neglect
interactions between f and Fermions, we may in fact consider pi to be of order y
2.
After some lengthly algebra we find that the bosonic part of the 10D type IIA D2-brane
action is equal to (17), while the second order fermionic part is given by
S
(2)
D2 = iTD2
∫
d3ξ
√−g
{
e−φy¯PD2(−)Γ
i∇iy − 12e−φy¯PD2(−)Γm∂mφ y +
− 14·3!e−φy¯PD2(−)
(
ΓmnpϕHmnp − 3ΓmniϕHmni
)
y − 14 y¯PD2(−)ΓmiϕF
(2)
miy +
+ 14·4! y¯P
D2
(−)
(
ΓmnpqF(4)mnpq − 4ΓmnpiF(4)mnpi
)
y
}
, (18)
and we have used
F(4) = dC(3) − C(1) ∧H , H = db , PD2(−) = 12
(
1− 1
3!
√−g ǫ
ijkΓijk
)
F(2) = dC(1) , Γϕ = Γ01...9 , ∇iy = [∂i + 14wiabΓab]y.
See appendix B for the remaining supergravity definitions.
The full action is given by (17) and (18) together. Note that we have not fixed k-symmetry
and that the Majorana fermion y still has 32 real components.
6
4 T-duality Rules
In this section, we introduce the notation and rules necessary to perform the T-duality trans-
formation in the fermionic part of the Dp-brane action. To do so, it is convenient to rewrite
the corresponding world-volume theories in terms of combinations of the 10D supergravity fields
that transform covariantly under T-duality. We will also need some basic rules to deal with the
pullback on the branes of the supergravity fields.
We will perform the T-duality using the Hassan formalism5 [9]. In this approach, the T-
duality transformations are strongly related to the supersymmetry transformations of the gra-
vitino (δψm ∼ Dmǫ ) and the dilatino (δλ ∼ ∆ǫ). These supersymmetry transformations involve
the following operators acting on 10D Majorana spinors in type IIA supergravity (see appendix
B):
Dm = D
(0)
m +Wm
∆ = ∆(1) +∆(2) , (19)
where
D(0)m = ∂m +
1
4
ωmabΓ
ab +
1
4 · 2!HmabΓ
abΓϕ
Wm =
1
8
eφ
(
1
2!
F
(2)
ab Γ
abΓmΓ
ϕ +
1
4!
F
(4)
abcdΓ
abcdΓm
)
∆(1) =
1
2
(
Γm∂mφ+
1
2 · 3!HabcΓ
abcΓϕ
)
∆(2) =
1
8
eφ
(
3
2!
F
(2)
ab Γ
abΓϕ +
1
4!
F
(4)
abcdΓ
abcd
)
. (20)
It is also convenient to decompose the Majorana spinors in terms of the Weyl spinors of type
IIA and IIB. Hence, we split our Majorana spinor y into two Majorana-Weyl (MW) spinors of
opposite chirality:
y = y+ + y− , Γϕ y± = ± y± . (21)
When acting on MW spinors of chirality ±, the operators above take the following form,
D(±)m = D
(0)
(±)m +W(±)m
∆(±) = ∆
(1)
(±) +∆
(2)
(±) , (22)
with
D
(0)
(±)m = ∂m +
1
4
ωmabΓ
ab ± 1
4 · 2!HmabΓ
ab
5In [7] this formalism was shown to be consistent with the T-duality relation between type IIa and type IIb
superstrings.
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W(±)m =
1
8
eφ
(
± 1
2!
F
(2)
ab Γ
ab +
1
4!
F
(4)
abcdΓ
abcd
)
Γm
∆
(1)
(±) =
1
2
(
Γm∂mφ± 1
2 · 3!HabcΓ
abc
)
∆
(2)
(±) =
1
8
eφ
(
± 3
2!
F
(2)
ab Γ
ab +
1
4!
F
(4)
abcdΓ
abcd
)
. (23)
In the rest of this work, we will not write the subscript (±) explicitly, as it will be determined
by the chirality of the spinor on which the operators act.
For type IIB supergravity theory, we have two MW spinors y(1,2) of positive chirality and
the following operators acting on them (the upper sign refers to y1 while the lower one to y2):
Dˆ
(0)
(1,2)m = ∂m +
1
4
ωmabΓ
ab ± 1
4 · 2!HmabΓ
ab
Wˆ(1,2)m =
1
8
eφ
(
∓F(1)a Γa −
1
3!
F
(3)
abcΓ
abc ∓ 1
4!
FabcdΓ
abcd
)
Γm
∆ˆ
(1)
(1,2) =
1
2
(
Γm∂mφ± 1
2 · 3!HabcΓ
abc
)
∆ˆ
(2)
(1,2) =
1
2
eφ
(
±F(1)a Γa +
1
2 · 3!F
(3)
abcΓ
abc
)
. (24)
As for the type IIA operators, we will suppress the subscript (1, 2). This subscript is determined
by the spinor on which the operators act.
4.1 T-duality rules for background fields
We wish to apply T-duality along the 9th direction. Let us introduce the following useful objects
( mˆ, nˆ = 0, . . . , 8)
Ω =
1√
g99
ΓϕΓ9 ⇒ Ω2 = −1
Emn = gmn + bmn
(Q±)mn =
(
∓g99 ∓(g ∓ b)9nˆ
0 19
)
(Q−1± )
m
n =
(
∓g−199 −g−199 (g ∓ b)9nˆ
0 19
)
. (25)
The T-duality rules for Emn and φ are
6,
E˜mˆnˆ = Emˆnˆ − Emˆ9g−199 E9nˆ
E˜mˆ9 = Emˆ9g
−1
99
6Here and in the rest of this work, we place a tilde over the transformed fields to remove ambiguity when
needed.
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E˜9mˆ = −E9mˆg−199
E˜99 = g
−1
99
φ˜ = φ− 1
2
lng99 . (26)
For the transformation of the vielbein and the spinors, we will use the Hassan conventions to
avoid ambiguities7. The transformation rules for the vielbein are
e˜ma ≡ em(−)a = (Q−)mnena ⇒ e˜am ≡ ea(−)m = (Q−1− )nmean . (27)
We will also need the alternative transformed vielbein
em(+)a = (Q+)
m
ne
n
a = Λ
b
ae
m
(−)b ⇒ ea(+)m = (Q−1+ )nmean = eb(−)mΛba , (28)
and the transformation rules for the RR potentials C(n)
C˜
(n)
9mˆ2···mˆn = C
(n−1)
9mˆ2···mˆn − (n− 1)g−199 g9[mˆ2C
(n−1)
9mˆ3···mˆn] ,
C˜
(n)
mˆ1···mˆn = C
(n+1)
9mˆ1···mˆn − nb9[mˆ2C˜
(n)
9mˆ2···mˆn] . (29)
Therefore going from IIA to IIB, we have:
y+ = y1 ⇒ y¯+ = y¯1
y− = −Ωy2 ⇒ y¯− = y¯2Ω
D(0)m y+ = (Q
−1
+ )
n
m(Dˆ
(0)
n y1)
D(0)m y− = −Ω(Q−1− )nm(Dˆ(0)n y2)
Wmy+ = −Ω(Q−1− )nm(Wˆny1)
Wmy− = (Q−1+ )
n
m(Wˆny2)
∆(1)y+ = ∆ˆ
(1)y1 − g−199 Γ9Dˆ(0)9 y1
∆(1)y− = −Ω(∆ˆ(1)y2 − g−199 Γ9Dˆ(0)9 y2)
∆(2)y+ = −Ω(∆ˆ(2)y1 − g−199 Γ9Wˆ9y1)
∆(2)y− = ∆ˆ(2)y2 − g−199 Γ9Wˆ9y2 . (30)
Conversely, going from IIB to IIA we have
y1 = y+ ⇒ y¯1 = y¯+
y2 = Ωy− ⇒ y¯2 = −y¯−Ω
7Recall that there are two possible choices em(±)a for the transformed vielbein, related by a Lorentz transfor-
mation Λba.
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Dˆ(0)m y1 = (Q
−1
+ )
n
m(D
(0)
n y+)
Dˆ(0)m y2 = Ω(Q
−1
− )
n
m(D
(0)
n y−)
Wˆmy1 = Ω(Q
−1
− )
n
m(Wny+)
Wˆmy− = (Q−1+ )
n
m(Wny−)
∆ˆ(1)y1 = ∆
(1)y+ − g−199 Γ9D(0)9 y+
∆ˆ(1)y2 = Ω(∆
(1)y− − g−199 Γ9D(0)9 y−)
∆ˆ(2)y1 = Ω(∆ˆ
(2)y+ − g−199 Γ9W9y+)
∆ˆ(2)y2 = ∆
(2)y− − g−199 Γ9W9y− . (31)
4.2 T-duality rules for pulled-back quantities
Once again we will need to fix some conventions. We use world-sheet coordinates ξi (i = 0, . . . , p)
on the Dp-brane and ξI (i = 0, . . . , p, 9) on the D(p + 1)-brane. We also fix the static gauge
xi(ξ) = ξi for the Dp-brane and xI(ξ) = ξI for the D(p + 1)-brane. We adopt Myers’ notation
[10] for the pull-back (m˜ = p+ 1, . . . , 9, mˆ = p+ 1, . . . , 8):
PDp[Mi] = ∂ix
mMm =Mi + ∂ix
m˜Mm˜
PD(p+1)[MI ] = ∂Ix
mMm =MI + ∂Ix
mˆMmˆ , (32)
and PDp[g
ij ] stands for the inverse of PDp[gij ].
As above, we consider the field fij = PDp[Bij ] + Fij to be of order O(y
2) for any Dp-brane
and we neglect the interaction terms of order O(y3). The T-duality transformation rules for
the pulled-back fields are then straightforward but tedious to derive. Since they are not very
illuminating and may result in a undesired distraction for the reader, we have relegated them
to appendix C.
5 Dp-brane actions
The T-duality rules described in the previous section, allow us to obtain any of the type II
super D-brane actions from the D2-brane action of equation (17,18). To do this, we first use the
well-known fact that the bosonic Dp-brane actions follow by T-duality from that of the bosonic
D2-brane, i.e.
iTD2
∫
d3ξe−φ
√
−(g + f) → iTDp
∫
dp+1ξe−φ
√
−(g + f) , (33)
and
TD2
∫
Σn C
(n) e−f → TDp
∫
Σn C
(n) e−f , (34)
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where TDp = 2π[(2πls)
p+1gs]
−1. Second, we rewrite the fermionic part of the action (18) in a
much more compact, elegant, and appropriate form for the study of T-duality,
S
(2)
D2 = iTD2
∫
d3ξ e−φ
√−g y¯ PD2(−)(ΓiDi −∆)y , (35)
using the definitions introduced in the previous section. Finally, we observe that, up to inter-
acting terms in f and y, under T-duality we have
iTD2
∫
d3ξe−φ
√−g . . . → iTDp
∫
dp+1ξe−φ
√−g . . . . (36)
Hence, we need only study the T-duality transformation of the quadratic terms in y to obtain
all the fermionic parts of the Dp-brane actions.
Let us consider the case of a T-duality transformation to the D3-brane; i.e. a T-duality
along a direction x9 transverse to the original D2-brane. To do so, we separate the fermion y
in two fermions of opposite chirality y = y++ y−. Then, using the definitions introduced in the
previous section, we have
y¯ PD2(−)(Γ
iDi −∆)y = 1
2
{y¯+(ΓiD(0)i −∆(1))y+ − y¯+ΓD2(ΓiWi −∆(2))y++
+y¯−(ΓiWi −∆(2))y+ − y¯−ΓD2(ΓiD(0)i −∆(1))y++
+y¯+(Γ
iWi −∆(2))y− − y¯+ΓD2(ΓiD(0)i −∆(1))y−+
y¯−(ΓiD
(0)
i −∆(1))y− − y¯−ΓD2(ΓiWi −∆(2))y−} . (37)
Consider for example the term y¯+(Γ
iD
(0)
i −∆(1))y+. This may be rewritten more explicitly
as follows:
y¯+PD2[g˜
ij ]PD2[Γ(−)i]PD2[D
(0)
j y+]− y¯+∆(1)y+ . (38)
It is convenient to regard the result (38) as having been obtained by applying T-duality to a
D3-brane, so that our goal is to reconstruct the “original” type IIB term in the D3-brane action.
Applying the rules of the previous section and appendix C, one finds that, up to interaction
terms in f and y, we have
y¯+PD2[g˜
ij ]PD2[Γ(−)i]PD2[D
(0)
j y+]
= y¯1PD3[g
ij ]PD3[Γi]PD3[Dˆ
(0)
j y1]−
−y¯1PD3[gij ]PD3[Γ9]PD3[g99]−1PD3[g9i]PD3[Dˆ(0)j y1]−
−y¯1PD3[gij ]PD3[Γi]PD3[g99]−1PD3[g9j ]PD3[Dˆ(0)9 y1]+
+y¯1PD3[g
ij ]PD3[Γ9]PD3[g99]
−1PD3[g9i]PD3[g9j ]PD3[Dˆ
(0)
9 y1] ,
and y¯+∆
(1)y+ = y¯1∆ˆ
(1)y1 − PD3[Γ9]PD3[g99]−1[Dˆ(0)9 y1] . (39)
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Now for any matrix MIJ with inverse M
IJ , one has the identities
M i9 = −(M99)−1M ijMj9
M99 = (M99)
−1 + (M99)−2M9iM ijMj9 , (40)
from which we obtain
y¯+PD2[g˜
ij ]PD2[Γ(−)i]PD2[D
(0)
j y+]− y¯+∆(1)y+ =
= y¯1PD3[g
IJ ]PD3[ΓI ]PD3[Dˆ
(0)
J y1]− y¯1∆ˆ(1)y1 . (41)
All other terms of the fermionic D2-brane action transform similarly. The fermionic part of the
D3-brane action is thus
S
(2)
D3 =
i
2
TD3
∫
d4ξe−φ
√−g{y¯1(ΓIDˆ(0)I − ∆ˆ(1))y1+
+iy¯1ΓD3(Γ
IWˆI − ∆ˆ(2))y1 + y¯2(ΓIWˆI − ∆ˆ(2))y1−
−iy¯2ΓD3(ΓIDˆ(0)I − ∆ˆ(1))y1 + y¯1(ΓIWˆI − ∆ˆ(2))y2+
+iy¯1ΓD3(Γ
IDˆ
(0)
I − ∆ˆ(1))y2 + y¯2(ΓIDˆ(0)I − ∆ˆ(1))y2−
−iy¯2ΓD3(ΓIWˆI − ∆ˆ(2))y2} , (42)
where we have introduced
ΓD3 =
−i
4!
√−PD3[g]ǫIJKRPD3[ΓIJKR] . (43)
To rewrite S
(2)
D3 in more compact form, we define the quantities
y =
(
y1
y2
)
D˘m = Dˆ
(0)
m + σ1 ⊗ Wˆm
∆˘ = ∆ˆ(1) + σ1 ⊗ ∆ˆ(2)
PD3(−) =
1
2
(1− σ2 ⊗ ΓD3) , (44)
where σ1, σ2 are the standard Pauli matrices described in appendix A. Hence the final form for
the fermionic part of the D3-brane actions is
S
(2)
D3 = iTD3
∫
dξ4 e−φ
√−g y¯ PD3(−)(ΓID˘I − ∆˘)y . (45)
One obtains the action for any other D-branes analogously. After a long but straightforward
calculation, one finds the following general action for any Dp-brane8:
SDp = −TDp
∫
dp+1ξe−φ
√
− det(g + f) + TDp
∫
Σ( C e−f ) +
+ iTDp
∫
d3ξ e−φ
√−g y¯ PDp(−)
(
ΓiD˘i − ∆˘
)
y , (46)
8Recall that we use the superspace convention for differential forms, i.e. w(p) = 1
p!
dx
m1 ∧ · · · ∧ dx
mpwmp···m1 ,
which arises naturally from the Hassan formalism.
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where,
for p odd:


D˘m = Dˆ
(0)
m + σ1 ⊗ Wˆm , ∆˘ = ∆ˆ(1) + σ1 ⊗ ∆ˆ(2)
y =
(
y1
y2
)
,
(47)
while for p even:


D˘m = Dm , ∆˘ = ∆
y = (y+ + y−) . .
(48)
In addition, PDp(−) =
1
2(1− Γ˘Dp), where Γ˘Dp is given by,
Γ˘D(4q) =
1
(4q+1)!
√−g ǫ
i1..i(4q+1)Γi1..i(4q+1)Γ
ϕ ,
Γ˘D(4q+2) =
1
(4q+3)!
√−g ǫ
i1..i(4q+3)Γi1..i(4q+3) ,
Γ˘D(4q+1) = −σ1 ⊗ 1(4q+2)!√−g ǫi1..i(4q+2)Γi1..i(4q+2) ,
Γ˘D(4q+3) = −σ2 ⊗ i(4q+4)!√−g ǫi1..i(4q+4)Γi1..i(4q+4) ,
(49)
for q = (0, 1, 2).
6 Summary
In this work we have expressed the Dp-brane actions in terms of component fields, neglecting
interactions between fermions and the field f . Modulo these neglected terms, we have worked
to second order in the fermions about an arbitrary bosonic supergravity background. Again
modulo the neglected terms, these actions are k-symmetric by construction, though we have
reserved the detailed relation to rigid supersymmetry for a future work [1]. We have used normal
coordinate expansion techniques, which allowed us to write the full second order expansion in
terms of covariant tensors. We have also obtained the T-duality rules for these actions using
the formalism of Hassan [9]. We emphasize that our results, i.e. (46), yield the first explicit
component-field presentation of these actions in generic bosonic backgrounds. We have not fixed
k-symmetry, and all terms are covariant under bulk space-time transformations.
Our methodology was as follows. First, the M2-brane k-symmetric action was expanded
using normal coordinates up to second order in the fermions following [6]. Next, we performed a
13
single dimensional reduction to obtain the D2-brane action. Finally, by means of the T-duality
map, we recovered the Dp-brane actions for all other p.
A forthcoming paper [1] will compute the neglected interaction terms between gauge fields
and fermions. A detailed discussion of the k-symmetries and supersymmetries will also be
presented. Such a treatment requires consideration of many details of gauge fixing schemes
which we were able to avoid here.
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7 Appendix A: Spinor conventions and Gamma matrix algebra
This appendix is a list of spinor conventions.
In 11D superspace, we denote the general supercoordinates by zM , where M runs over the
bosonic coordinates xm, and fermionic coordinates θµ. Thus the curved index M splits into
M = (m,µ), where m = 0, 1, ..., 10, µ = 1, 2, ..., 32. We use A = (a, α) for tangent space indices
and we underline explicit tangent space indices (e.g., 0, 1, etc.), to differentiate them from
explicit space-time indices.
We take the metric to have signature (−,+, ...,+) and use the Clifford algebra
{Γa,Γb} = 2ηab , (50)
where Γa are real gamma matrices and ηab is the 11D Minkowski metric. We also set ǫ01... = 1
and use the notation Γa1...an = Γ[a1 ...Γan] denoting antisymmetrization with weight one; e.g.
Γ01 =
1
2(Γ0Γ1 − Γ1Γ0) = Γ0Γ1.
We use real Majorana anticommuting spinors of 32 components, denoted yα or θµ. The
conjugation operation is defined by,
y¯ = yTC ,
y¯β = y
αCαβ , (51)
where T corresponds to transpose matrix multiplication; e.g. yαCαβ instead of Cαβy
β, and Cαβ
is the antisymmetric charge conjugation matrix with inverse Cαβ. The indices of a spinor and
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a bispinor Mαβ are lowered and raised via matrix multiplication by C so that we have
CαβC
βγ = δ γα ,
M βα = CαγM
γ
δC
δβ ,
θ¯Mξ = θ¯αM
α
βξ
β = θαMαβξ
β . (52)
We take C = Γ0. It should also be noted that for Majorana spinors like y, any expression
y¯Γa1..any vanishes for n = (1, 2, 5, 6, 9, 10) but in general is non-vanishing for n = (0, 3, 4, 7, 8).
For Majorana-Weyl spinors, only the corresponding expressions for n = (3, 7) are non-vanishing.
Once one of the directions, say x10, has been compactified and the corresponding Γ10 is iden-
tified with the chiral gamma matrix Γϕ, the fermionic coordinates appearing in 11D supergravity
can be decomposed into two Majorana Weyl spinors (each of which we write in 32-component
form). Thus in type IIA we may write
y = y+ + y− where Γϕy± = ±y± . (53)
In type IIB, we choose the two 32 real component chiral spinors y1, y2 to have positive chirality,
and we write them together as a 64-component spinor of the form
y =
(
y1
y2
)
. (54)
Taking the tensor products of the 32 × 32 component Γ matrices with the 2 × 2 identity operator
yields the 64 × 64 matrices
Γa =
(
Γa 0
0 Γa
)
.
Finally, we use the usual Pauli matrices,
σ1 =
(
0 1
1 0
)
σ2 =
(
0 −i
i 0
)
σ3 =
(
1 0
0 −1
)
8 Appendix B: supergravity
This appendix is a list of supergravity conventions. We emphasizethat in all this paper we use
the superspace convention for differential forms i.e.
w(p) = 1p!dx
m1 ∧ · · · ∧ dxmpwmp···m1
.
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8.1 11D supergravity
Here we borrow some of the conventions and definitions directely from Grisaru and Knutt [6].
We also use bold letters for pulled-back superfields in the main body of the paper.
The theory is described in terms of the vielbein EA(x, θ) = dZMEM
A and three-form A =
(1/3!)ECEBEAAABC satisfying torsion constraints and field-strength constraints respectively[12,
13]:
(a) Tαβ
c = −i(Γc)αβ
(b) Tαβ
γ = Tαb
c = Tab
c = 0
(c) Hαβγδ = Hαβγd = Hαbcd = 0
(d) Hαβcd = i(Γcd)αβ (55)
with H = dA = (1/4!)EDECEBEAHABCD and
HABCD =
∑
(ABCD)
∇AABCD + TABEAECD. (56)
These constraints put the theory on shell. From the Bianchi identities DTA = EBRB
A, DRA
B =
0 and dH = 0, or ∑
(ABC)
(RABC
D −∇ATBCD − TABETECD) = 0
∑
(ABCD)
(∇ARBCDE + TABFRFCDE) = 0 (57)
∑
(ABCDE)
(∇AHBCDE + TABFHFCDE) = 0
one derives expressions for the remaining components of the torsion and curvature.
(e) Taβ
γ =
1
36
(δbaΓ
cde +
1
8
Γa
bcde)β
γ
Hbcde
(f) Tab
α =
i
42
(Γcd)
αβ∇βHabcd (58)
(g) (Γabc)αβTbc
β = 0
(h) Rab,γ
δ = ∇aTbγδ −∇bTaγδ +∇γTabδ + TaγǫTbǫδ − TbγǫTaǫδ
(i) Rαb,cd =
i
2
[(Γb)αβTcd
β − (Γc)αβTdbβ + (Γd)αβTcbβ] (59)
(j) Rαβ,ab = − i
6
[
(Γcd)αβHabcd +
i
24
(Γabcdef )αβH
cdef
]
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with
RABγ
δ =
1
4
RABcd(Γ
cd)γ
δ
. (60)
We will need the following additional consequences of the Bianchi identities:
(k) ∇αHbcde = −6i(Γ[bc)αβTde]β (61)
(l) ∇αRbc,de = ∇bRαc,de −∇cRαb,de + TbαγRγc,de − TcαγRγb,de − TbcβRβα,de
which can be used to relate higher components (in θ) of field strengths and curvatures to lower
components.
We also note the three-form equation of motion,
∇aHabcd = − 1
1728
εbcde1···e8H
e1···e4He5···e8 (62)
This is a consequence of the constraints.
Finally, we should state that all quantities in the expansion are evaluated at zM = (xm, 0)
so that they involve only the θ = 0 components of the superfields and their derivatives. In
particular we have (in Wess-Zumino gauge but in fact our expansion is completely supergravity
gauge-covariant), with EM
A| = EMA(x, 0)
Em
a| = ema(x)
Em
α| = ψαm(x) = 0
Eµ
a| = 0
Eµ
α| = δαµ (63)
as well as
Tcd
α| = ψˆαcd = 0, (64)
the supercovariantized gravitino field strength. We also note that the choice of Wess-Zumino
gauge implies that the spinor covariant derivative connection vanishes at θ = 0, (see, for example,
Superspace, eq. (5.6.8) [14])
ωαβ
γ | = 0 . (65)
8.2 10D supergravity
Here we use basically the same convention as in [11, 9].
First, we note that two types of RR field strength appear in the literature of type II super-
gravity. In addition to dC(n), it is also useful to introduce the following field strength definitions:
F(1) = dC(0)
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F(2) = dC(1)
F(3) = dC(2) − C(0)H
F(4) = dC(3) − C(1) ∧H
F(5) = dC(4) − C(2) ∧H . (66)
The type IIA bosonic part of the action is given by
SIIA =
1
2κ210
∫
d10x
√−g
{
e−2φ[R+ 4(∂φ)2 − 1
2 · 3!H
2] +
− 1
2 · 2!(F
(2))2 − 1
2 · 4!(F
(4))2
}
+
1
4κ210
∫
b ∧ dC(3) ∧ dC(3) (67)
and the supersymmetry transformations for the gravitino ψm and dilatino λ are
δψm =
[
∂m +
1
4
ωmabΓ
ab +
1
4 · 2!HmabΓ
abΓϕ +
+
1
8
eφ(
1
2!
F
(2)
ab Γ
abΓmΓ
ϕ +
1
4!
F
(4)
abcdΓ
abcdΓm)
]
ǫ ,
δλ =
[
1
2
(
Γm∂mφ+
1
2 · 3!HabcΓ
abcΓϕ
)
+
+
1
8
eφ
(
3
2!
F
(2)
ab Γ
abΓϕ +
1
4!
F
(4)
abcdΓ
abcd
)]
ǫ . (68)
The type IIB bosonic part of the action is given by
SIIB =
1
2κ210
∫
d10x
√−g
{
e−2φ[R+ 4(∂φ)2 − 1
2 · 3!H
2] +
−1
2
(F(1))2 − 1
2 · 3! (F
(3))2 − 1
4 · 5!(F
(5))2
}
+
1
4κ210
∫
b ∧ dC(2) ∧ dC(4) (69)
and the supersymmetry transformations for the gravitino ψm and dilatino λ are,
δψ(1,2)m =
[
∂m +
1
4
ωmabΓ
ab ± 1
4 · 2!HmabΓ
ab +
+
1
8
eφ
(
∓F(1)a Γa −
1
3!
F
(3)
abcΓ
abc ∓ 1
4!
FabcdΓ
abcd
)
Γm
]
ǫ(1,2) ,
δλ(1,2) =
[
1
2
(
Γm∂mφ± 1
2 · 3!HabcΓ
abc
)
+
+
1
2
eφ
(
±F(1)a Γa +
1
2 · 3!F
(3)
abcΓ
abc
)]
ǫ(1,2) . (70)
In the above expressions κ10 = 2π[(2πls)
8g2s ]
−1 and for the type IIB case, we use the con-
vention that the self duality constraint on F(5) is imposed by hand at the level of the equations
of motion.
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9 Appendix C: Useful formulas for pulled-back fields
Here we collect some useful results on the T-duality transformation rules for the pulled-back
fields. As in the main text, we use f ∼ O(y).
9.0.1 From Dp to D(p+ 1)
Applying the rules for the pulled-back fields introduced in section 4.2, remembering that x9 ↔ A9
under T-duality, and neglecting terms of order O(y) we find,
PDp[e
a
(−)i] = PD(p+1)[e
a
i ]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[ea9] +O(y)
PDp[e
a
(+)i] = PD(p+1)[e
a
i ]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[ea9] +O(y)
PDp[g˜ij ] = PD(p+1)[gij ]− PD(p+1)[gi9]PD(p+1)[g99]−1PD(p+1)[g9j ] +O(y)
PDp[g˜
ij ] = PD(p+1)[g
ij ] +O(y) . (71)
For p even (from IIA to IIB), we have
PDp[D
(0)
i y+] = PD(p+1)[Dˆ
(0)
i y1]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[Dˆ(0)9 y1] +O(y)
PDp[D
(0)
i y−] = −Ω
(
PD(p+1)[Dˆ
(0)
i y2]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[Dˆ(0)9 y2]
)
+O(y)
PDp[Wiy+] = −Ω
(
PD(p+1)[Wˆiy1]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[Wˆ9y1]
)
+O(y)
PDp[Wiy−] = PD(p+1)[Wˆiy2]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[Wˆ9y2] +O(y) , (72)
while, for p odd (from IIB to IIA), we have
PDp[Dˆ
(0)
i y1] = PD(p+1)[D
(0)
i y+]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[D(0)9 y+] +O(y)
PDp[Dˆ
(0)
i y2] = Ω
(
PD(p+1)[D
(0)
i y−]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[D(0)9 y−]
)
+O(y)
PDp[Wˆiy1] = Ω
(
PD(p+1)[Wiy+]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[W9y+]
)
+O(y)
PDp[Wˆiy2] = PD(p+1)[Wiy−]− PD(p+1)[g99]−1PD(p+1)[g9i]PD(p+1)[W9y2] +O(y) . (73)
Finally, we need the following formula
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ǫi0...ip
(p + 1)!
√
−det(PDp[g˜ij ])
PDp[Γ(−)i0 ] · · ·PDp[Γ(−)ip ]Ω =
=
−ǫI0...Ip+1
(p + 2)!
√
−det(PD(p+1)[gIJ ])
PD(p+1)[ΓI0 ] · · ·PD(p+1)[ΓIp+1 ]Γϕ . (74)
9.0.2 From D(p+ 1) to Dp
Let us define PDp[E9i] = ∂ix
mE9m. Then we have the following identities
PD(p+1)[e
a
(−)i] = PDp[e
a
i ]− g−199 PDp[E9i]ea9
PD(p+1)[e
a
(−)9] = g
−1
99 e
a
9
PD(p+1)[e
a
(+)i] = PDp[e
a
i ]− g−199 PDp[Ei9]ea9
PD(p+1)[e
a
(−)9] = −g−199 ea9
PD(p+1)[g˜ij ] = PDp[gij ]− PDp[Ei9]g−199 PDp[E9j ] +O(y)
PD(p+1)[g˜i9] = g
−1
99 PDp[Ei9] +O(y)
PD(p+1)[g˜9i] = −g−199 PDp[E9i] +O(y)
PD(p+1)[g˜99] = g
−1
99
PD(p+1)[g˜
ij ] = PDp[g
ij ] +O(y)
PD(p+1)[g˜
i9] = −PDp[gij ]PDp[Ej9] +O(y)
PD(p+1)[g˜
i9] = PDp[E9j ]PDp[g
ji] +O(y)
PD(p+1)[g˜
99] = g99 − PDp[E9i]PDp[gij ]PDp[Ej9] +O(y) . (75)
Note that the above equations imply PDp[Ei9] = −PDp[E9i] +O(y).
For p odd (from IIA to IIB), we have
PD(p+1)[D
(0)
i y+] = PDp[Dˆ
(0)
i y1]− g−199 PDp[Ei9]Dˆ(0)9 y1
PD(p+1)[D
(0)
9 y+] = g
−1
99 Dˆ
(0)
9 y1
PD(p+1)[D
(0)
i y−] = −Ω
(
PDp[Dˆ
(0)
i y2]− g−199 PDp[E9i]Dˆ(0)9 y2
)
PD(p+1)[D
(0)
9 y−] = −Ωg−199 Dˆ(0)9 y2
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PD(p+1)[Wiy+] = −Ω
(
PDp[Wˆiy1]− g−199 PDp[E9i]Wˆ9y1
)
PD(p+1)[W9y+] = −Ωg−199 Wˆ9y1
PD(p+1)[Wiy−] = PDp[Wˆiy2]− g−199 PDp[Ei9]Wˆ9y2
PD(p+1)[W9y−] = −g−199 Wˆ9y2 . (76)
For p even (from IIB to IIA), we have
PD(p+1)[Dˆ
(0)
i y1] = PDp[D
(0)
i y+]− g−199 PDp[Ei9]D(0)9 y+
PD(p+1)[Dˆ
(0)
9 y1] = g
−1
99 Dˆ
(0)
9 y+
PD(p+1)[Dˆ
(0)
i y2] = Ω
(
PDp[D
(0)
i y−]− g−199 PDp[E9i]D(0)9 y−
)
PD(p+1)[Dˆ
(0)
9 y2] = Ωg
−1
99 D
(0)
9 y−
PD(p+1)[Wˆiy1] = Ω
(
PDp[Wiy+]− g−199 PDp[E9i]W9y+
)
PD(p+1)[Wˆ9y1] = Ωg
−1
99 W9y+
PD(p+1)[Wˆiy2] = PDp[Wiy−]− g−199 PDp[Ei9]W9y−
PD(p+1)[Wˆ9y2] = −g−199 W9y− . (77)
Finally,
ǫI0...Ip+1
(p+ 2)!
√
−det(PD(p+1)[g˜IJ ])
PD(p+1)[Γ(−)I0 ] · · ·PD(p+1)[ΓI(−)p+1 ]Ω =
=
−ǫi0...ip
(p+ 1)!
√
−det(PDp[gij ])
PDp[Γi0 ] · · ·PDp[Γip ]Γϕ . (78)
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